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This document is a rather brief summary of the first three chapters of H. S. M.
Coxeter and S. L. Greitzer’s ‘Geometry Revisited’. In no ways is this fleshed out,
and in most cases just contains the important results and diagrams.
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§1 Points and Lines Connected with a Triangle

Theorem 1.1 (Extended Law of Sines). For a triangle ABC with circumradius R,

a b c
sinA  sinB sinC

2R

Theorem 1.2 (Ceva’s Theorem). Three cevians AX, BY , CZ, one through each vertex of a
triangle ABC, are concurrent if and only if
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§1.1 Points of Interest
§1.1.1 The Circumcenter

Definition 1.3. The centre of the circle circumscribed about a triangle is the circumcenter
of the triangle, and the circle is the circumcircle.

The circumcenter O is the intersection of the three perpendicular bisectors of the sides of the
triangles. Typically the radius of the circumcircle is denoted R.

A

§1.1.2 The Centroid

Definition 1.4. Cevians that join the vertices of a triangle to the midpoints of the opposite
sides are called medians. The medians intersect at the centroid, denoted G.

Theorem 1.5. A triangle is dissected by its medians into six smaller triangles of equal area.
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Theorem 1.6. The medians of a triangle divide one another in the ratio 2 : 1.

§1.1.3 The Orthocenter

Definition 1.7. The cevians AD, BE, CF perpendicular to BC, CA, AB, respectively are
called the altitudes of AABS. Their common point H is the orthocenter.

We also have ADEF named the orthic triangle of AABC.
A

§1.1.4 Angle Bisectors and The Incenter

Theorem 1.8 (Angle Bisector Theorem). Each angle bisector of a triangle divides the opposite
side into segments proportional in length to the adjacent sides.

For example, in the figure below, we have
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Definition 1.9. The intersection of the angle bisectors I is the center of the inscribed circle,
the incircle, whose center is the incenter and radius r is the inradius.

§1.2 Incircles and Excircles
§1.2.1 Incircles

Definition 1.10. The semiperimiter s is

at+b+c

S =

Theorem 1.11. For a triangle ABC whose incircle is tangent to BC at X, AC atY and AB
at Z,

r=s8s—a, y=s—0b, z=s-—c
Theorem 1.12. The area of the triangle ABC is [ABC| = sr.
Theorem 1.13. abc = 4srR.

Theorem 1.14. The cevians AX, BY , CZ are concurrent, with the common point called the
Gergonne point of NABC.

§1.2.2 Excircles
Consider the following lemma.

Lemma 1.15. The external bisectors of any two angles of a triangle are concurrent with the
internal bisector of the third angle.
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With this we can define the following points.

Definition 1.16. Let the a-excenter I, be the intersection of the bisector of ZA with the
external bisectors of /B and ZC, and similarly for I and I..

I

Definition 1.17. The circle with center I4 and radius r,, having the extensions of all three

sides for tangents is an excircle.

Theorem 1.18. Using the notation in the diagram above, we have
BX.,=BZ.=CX,=CY,=s—a,

OY,=CX, =AY, = AZ. =5 —b,
AZy = AYy = BZ, = BX, = 5 — c.

Lemma 1.19. AABC is the orthic triangle of Al Ip1..

§1.3 The Steiner-Lehmus Theorem

Theorem 1.20 (Steiner-Lehmus). Any triangle that has two equal angle bisectors (each mea-
sured from a vertex to the opposite side) is isosceles.
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§1.4 The Orthic Triangle

Theorem 1.21. The orthocenter of an acute angled triangle is the incenter of its orthic tri-
angle. The orthocenter of an obtuse angled triangle is an excenter of its othic triangle.

Lemma 1.22. AAFEF ~ ADBF, ADEC ~ AABC.

§1.5 The Medial Triangle and Euler Line

Definition 1.23. The triangle formed by joining the midpoints of the sides of a given triangle
is the medial triangle.

In the figure below, AA’B’C’ is the medial triangle of AABC.

A

Theorem 1.24. ANA'B'C’ is similar to AABC, in the ratio 1 : 2.

Theorem 1.25 (Euler Line). The orthocenter, centroid and circumcenter of any triangle are
collinear. The centroid divides the distance from the orthocenter to the circumcenter in the
ratio 2 : 1.

Theorem 1.26. The circumcenter of the medial triangle lies at the midpoint of HO on the
Euler line of the parent triangle. Also, since NA'B'C’ ~ NABC, the circumradius of the
medial triangle is half the cirumradius of the parent triangle.
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§1.6 The Nine Point Circle

Theorem 1.27 (Nine Point Circle). The feet of the three altitudes of any triangle, the mid-
points of the three sides, and the midpoints of the segments from the three vertices to the
orthocenter, all lie on the same circle of radius %R, the nine-point circle.

In the figure below, K, L and M are the midpoints of the segments from the vertices to the
orthocenter.

A

Theorem 1.28. The center of the nine-point circle, N, lies on the Euler lien, midway between
the orthocenter and the circumcenter.

Theorem 1.29 (Feuerbach’s Theorem). The nine-point circle touches the incircle and all four
excircles.

The Feuerbach point is the point of tangency between the incircle and the nine-point circle.
Lemma 1.30. The quadrilateral AKA'O is a parallelogram.

Lemma 1.31. The points K, L and M bisect the arcs EF, FD and DE.

Lemma 1.32. The circumcircle of ANABC' is the nine-point circle of Al Iyl..

§2 Some Properties of Circles

§2.1 Power of a Point

Theorem 2.1 (Intersecting Chords). If two lines through a point P meet a circle at points A,
A" (possibly coincident) and B, B’ (possible coincident) respectively, then

PA-PA = PB-PB
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Definition 2.2 (Power of a Point). For any circle of radius R and any point P distant d away

from the center, we call
d* — R?

the power of P with respect to the circle.

The power of P is clearly positive when P is outside the circle, negative when P is inside, and
zero when P lies on the circumference.

We note that using directed lengths',

d*> — R> = PA-PA'.

§2.2 The Radical Axis

Theorem 2.3 (Existance of the Radical Axis). The locus of all points whose powers with
respect to two nonconcentric circles are equal is a line perpendicular to the line of centers of
the two circles.

We note that if the two circles intersect (or are tangent), then the points of intersections both
have zero power with respect to both circles, thus they determine the radical axis.

b

A: A

Theorem 2.4 (Radical Axis Theorem). If the centers of three circles are not colinear, then
there is just one point, the radical center whose powers with respect to all three circles are
equal.

§2.3 Simson Lines

Theorem 2.5 (Simson Line). The feet of the perpendiculars from a point to the sides of a
triangle are collinear if and only if the point lies on the circumcircle.

!Directed lengths is when we assign a ‘direction’ to segments such that AP = —PA



Adam Kelly (April 16, 2020) Geometry Revisited — Before Transformations

Theorem 2.6. The angle between the Simson lines of two points P and P’ on the circumcircle
is half the angular measure of the arc P'P.

Theorem 2.7. The Simson line of a point on the circumcircle bisects the segment joining that
point to the orthocenter.

Lemma 2.8. The Simson lines of diametrically opposite points on the circumcircle are per-
pendicular to each other and meet on the nine-point circle.

§2.4 Ptolemy’s Theorem

Theorem 2.9 (Ptolemy). If a quadrilateral ABCD (in that order) is inscribed in a circle,
then
AB-CD +BC-DA=AC-BD.

The converse of Ptolemy’s theorem is true, and we can strengthen its converse using the triangle
inequality.

Theorem 2.10. If ABC' is a triangle and P is not on the arc CA of its circumcircle, then

AB-CP+ BC-AP > AC - BP.

§3 Collinearity and Concurrence

§3.1 Quadrilaterals and Varignon’s Theorem

Theorem 3.1 (Varignon Parallelogram). The figure formed when the midpoints of the sides
of a quadrilateral are joined in order is a parallelogram, and its area is half that of the quadri-
lateral.

Lemma 3.2. The perimeter of the Varignon parallelogram equals the sum of the diagonals of
the original quadrilateral.
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Theorem 3.3. The segments joining the midpoints of the pairs of opposite sides of a a quadri-

lateral and the segment joining the midpoints of the diagonals are concurrent and bisect one
another.

Theorem 3.4. If one diagonal divides a quadrilateral into two triangles of equal area, it bisects
the other diagonal.

-
Th---->
1
-—-E\_
o

C
Note that the converse of this theorem is also true.

Theorem 3.5. If a quadrilateral ABCD as its opposite sides AD and BC' (extended) meeting
at W, while X and Y are the midpoints of diagonals AC' and BD, then [WXY] = 1[ABCD)]

A

§3.2 Cyclic Quadrilaterals and Brahmagupta’s Formula

Theorem 3.6 (Brahmagupta’s Formula). If a cyclic quadrilateral has sides a, b, ¢, d and
semiperimeter s, its area is given K by

K=+/(s—a)(s—b)(s —c)(s —d).

o

Corolarry 3.7 (Heron’s formula). The area of a triangle ABC with sidelengths a, b, ¢ and
semiperimeter s 1s

[ABC] = \/s(s — a)(s — b)(s — c)
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Theorem 3.8. If a cyclic quadrilateral has perpendicular diagonals crossing at P, the line
through P perpendicular to any side bisects the opposite side.

§3.3 Napoleon Triangles

Theorem 3.9. Let triangles be erected externally on the sides of an arbitrary triangle so that
the sum of the “remote” angles of these three triangles is 180°. Then the circumcircles of the
three triangles have a common point.

This has a particularly important corrolary. If the vertices of A, B,C of AABC lie on sides
QR, PR and PQ respectively of APQR, then the circles CBP, AC(Q and BAR have a common
point. Phrased differently,

Corolarry 3.10 (Miquel’s Theorem). Let ABC' be a triangle and let X, Y, Z be points on
sides AB, BC and AC respectively. Then the circles AXZ, XY B and ZY C pass through a
common point, called the Miquel point.

Theorem 3.11 (Miquel’s Quadrilateral Theorem). IF four lines meet one another at six points
A,B,C, Ay, B1,C4, so that the sets of collinear points are A1 BC, AB1C, ABC1, A1B1C1, then
the four circles AB1C1, A1BCy, A1B1C, ABC have a common point.

We also have this theorem, and it’s generalization

Theorem 3.12 (Napoleon’s Theorem). If equilaterals are erected externally on the sides of
any triangles, their centers form an equilateral triangle.

11
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Theorem 3.13 (Generalized Napoleon’s Theorem). If similar triangles are erected externally
on the sides of any triangle, their circumcenters form a triangle similar to the three triangles.

§3.4 Menelaus’s Theorem
We can use a similar theorem to Ceva’s theorem in order to prove colinearity.
Using directed segments, we have the following.

Theorem 3.14 (Menelaus’s Theorem). Points X,Y,Z on the sides BC, CA, AB (extended)
of NABC are collinear if and only if

BX CY AZ _
XC YA ZB

§3.5 Pappus’s Theorem

Theorem 3.15 (Pappus’s Theorem). If A, C, E are three points on one line, B, D, F on
another, and if the three lines AB, CD, EF meet DE, FA, BC respectively, then the three
points of intersection L, M, N are collinear.

12
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§3.6 Perspective Triangles and Desargues’s Theorem

Theorem 3.16 (Desargues’s Theorem). If two triangles are in perspective from a point, and
if their pairs of corresponding sides meet, then the three points of intersection are collinear.

R

Theorem 3.17 (Converse to Desargues’s Theorem). If two triangles are in perspective from

a line, and if two pairs of corresponding vertices are joined by intersecting lines, the triangles
are in perspective from a point of intersection of these lines.

We also have the converse.

§3.7 Pascal’s Theorem

Theorem 3.18 (Pascal’s Theorem). If all siz vertices of a hexagon lie on a circle and the
three pairs of opposite sides intersect, then the three points of intersection are collinear.
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In fact a stronger theorem is true, which is that if the vertices of the hexagon lie on a conic
then the three points of intersection are collinear. The converse of this stronger theorem is true
(that colinear intersection of opposite sides of a hexagon implies the vertices lie on a conic).

14



	Points and Lines Connected with a Triangle
	Points of Interest
	The Circumcenter
	The Centroid
	The Orthocenter
	Angle Bisectors and The Incenter

	Incircles and Excircles
	Incircles
	Excircles

	The Steiner-Lehmus Theorem
	The Orthic Triangle
	The Medial Triangle and Euler Line
	The Nine Point Circle

	Some Properties of Circles
	Power of a Point
	The Radical Axis
	Simson Lines
	Ptolemy's Theorem

	Collinearity and Concurrence
	Quadrilaterals and Varignon's Theorem
	Cyclic Quadrilaterals and Brahmagupta's Formula
	Napoleon Triangles
	Menelaus's Theorem
	Pappus's Theorem
	Perspective Triangles and Desargues's Theorem
	Pascal's Theorem


