IRMO COMBINATORICS
ADAM KELLY, OCTOBER 28, 2020

Remark. This is a collection of all combinatorics problems that have appeared in the
Irish Mathematical Olympiad and the Irish EGMO selection test. The questions are

ordered chronologically. All problems are due to their respective creators.

EGMO Selection Test Problems

Problem 1 (EGMO TST 2020). Alice and Bob play the following game. 2020 coins
are placed on a table. The players take turns, each removing either one or two coins
in a turn. The player to remove the last coin loses. Bob goes first. Which of the two

players has a strategy that is guaranteed to win?

Problem 2 (EGMO TST 2020). A pond has 2020 lily pads arranged in a circle. At

time zero, two frogs (Anthony and Clare) share the same lily pad.

Every minute, Anthony jumps over 99 lily pads in an anti-clockwise direction, to land
on a pad 100 removed from where the jump started. At the same time, Clare jumps
over 100 lily pads in a clockwise direction, to land on a pad 101 removed from where
the jump started. What is the first time that Anthony and Clare are again within five
lily pads of each other?

Problem 3 (EGMO TST 2019). The edges of a cube are coloured with three colours
such that each vertex has exactly one edge of each of the three colours. Show that there

are four parallel edges of the same colour.

Problem 4 (EGMO TST 2019). Let S be a set of 6n points on a line. 4n of these

points are painted blue and the other 2n points are painted green.

Prove that there exists a line segment that contains exactly 3n points from S, such that

2n of them are blue and the other n are green.

Problem 5 (EGMO TST 2018). Emma writes the numbers 1,2,3,...,9 into the cells
of a 3 x 3 table (placing a different number in each cell). Then, she performs a series
of moves as follows. In each move, she chooses an arbitrary 2 x 2 square of the table,
and either increases by 1 or else decreases by 1 all four numbers of that square. After
performing a sequence of moves, Emma notices that all 9 numbers in the table are equal

to some number n. Find, with proof, all possible values of n

Problem 6 (EGMO TST 2018). Let § be a set of 2018 points in the plane, no three of
which are collinear. Let P be a point not contained in any line segment that connects
two points from §. Prove that the number of triangles that contain P, with vertices at

three different points in &, is even.

Problem 7 (EGMO TST 2017). Alice and Bob play a game with a string of 2017
pearls. In each move, one player cuts the string between two pearls and the other
player chooses one of the resulting parts of the string while the other part is discarded.

In the first move, Alice cuts the string. Thereafter, the players take turns. A player
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loses if he or she obtains a string with a single pearl such that no more cuts are possible.

Which of the two players has a winning strategy?

Problem 8 (EGMO TST 2016). Consider the hexagon shown below. Alternately, two
players play the following game: in one move one player selects one edge and colours
it red and then the other player selects one remaining edge and colours it green. The

winner is the player to complete first a triangle in their colour.

Show that the player who goes first has a strategy that will always guarantee a win in

four moves.

Problem 9 (EGMO TST 2016). 25 boys and 25 girls are at a party. Each boy likes at
least 13 girls, and each girl likes at least 13 boys. Show that there must be a boy and
girl at the party who like each other.

Problem 10 (EGMO TST 2016). Richard and nine other people are standing in a cir-
cle. All ten of them think of an integer (that may be negative) and whisper their number
to both of their neighbours. Afterwards, they each state the average of the two numbers

that were whispered in their ear.

Richard states the number 10, his right neighbour states the number 9, the next person
along the circle states the number 8, and so on, finishing with Richard’s left neighbour

who states the number 1 What number did Richard have in mind?

Problem 11 (EGMO TST 2015). We have a deck of 10,000 cards, numbered from 1
to 10,000. A step consists of removing every card which has a perfect square on it,
and then renumbering the remaining cards, starting from 1, in a consecutive way (i.e.,
numbering them 1,2,3, etc. ) Find, with proof, the number of steps needed to remove

all but one card.

Problem 12 (EGMO TST 2014). Show that for any integer n > 1 we have
2 2 2
n " n n n T n\-_ 2n
0 1 2 n n
Problem 13 (EGMO TST 2014). Let j,n be two integers such that n > 1 and 0 <

j S n. Prove that i <n> (k) B 2n_] <n>
k) \J J

k=j

2

Problem 14 (EGMO TST 2013). Ciara and Emma are two of the ten students from
which a team of five is to be selected for the next mathematical talent competition. In
how many ways can a team of five students be formed so that Emma is on the team but

Ciara is not?
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Problem 15 (EGMO TST 2013). We are given a set X containing 100 integers, none
of which is divisible by 3. We are asked to carry out the following task: choose 7 integers
from this set so that for any pair of integers  and y we choose, the difference x — y is
not divisible by 9.

(a) Prove that this task is impossible.
(b) If we are instead asked to choose 6 integers from X, is the task always possible?

Problem 16 (EGMO TST 2013). In a deck of 52 cards, on each card there is a letter
(one of A, B, C, D) and a number (between 1 and 13 inclusive). A poker hand consists of
5 cards from the deck (the ordering of the cards does not matter). Answer the following
questions, justifying carefully your answer in each case. You may use the notation (TTL)

in your answers.
(a) How many poker hands are there?
(b) How many poker hands do not have a card with a 7?
(¢) How many poker hands have (at least) two cards with the same letter?
(d) In how many poker hands does every letter appear?

Problem 17 (EGMO TST 2013). There are several people at a party. Any two people
who are not friends with each other have exactly two friends in common. Anna and
Brian are friends with each other, but don’t have any friends in common. Show that

Anna and Brian have the same number of friends at the party.

Problem 18 (EGMO TST 2012). Suppose 251 numbers are chosen from 1, 2, 3, ...,
499, 500. Show that, no matter how the numbers are chosen, there must be two that

are consecutive.

Problem 19 (EGMO TST 2012). Suppose that a and m are integers larger than 1.
Prove that the greatest common divisor of the pair a — 1 and m is equal to the greatest

common divisor of the pair of integers a — 1 and (a™ — 1) /(a — 1)

Problem 20 (EGMO TST 2012). Seven darts are thrown at a circular dartboard of

radius 10cm. Show that there will always be two darts that are at most 10cm apart.

Problem 21 (EGMO TST 2012). A set A consists of 7 consecutive positive integers
less than 50, while another set B consists of 11 consecutive positive integers. If the sum
of the numbers in A4 is equal to the sum of the numbers in 3B, what is the maximum

possible element which could be contained in A7
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IrMO Problems

Problem 1 (IrMO 2020 Q6). Pat has a pentagon, each of whose vertices is coloured

either red or blue. Once an hour, Pat recolours the vertices as follows.

e Any vertex whose two neighbours were the same colour for the last hour, becomes
blue for the next hour.

e Any vertex whose two neighbours were different colours for the last hour, becomes

red for the next hour.

Show that there is at least one vertex which is blue after the first recolouring and remains

blue for ever.

Problem 2 (IrMO 2020 Q2). A round table has 2N chairs around it. Due to social
distancing guidelines, no two people are allowed to sit next to each other. How many
different ways are there to choose seats around the table on which N — 1 guests can be
scated?

Problem 3 (IrMO 2019 Q2). Jenny is going to attend a sports camp for 7 days. Each
day, she will play exactly one of three sports: hockey, tennis or camogie. The only
restriction is that in any period of 4 consecutive days, she must play all three sports.

Find, with proof, the number of possible sports schedules for Jennys week.

Problem 4 (IrMO 2019 Q10). Island Hopping Holidays offer short holidays to 64 is-
lands, labeled Island ¢,1 < i < 64. A guest chooses any Island a for the first night of
the holiday, moves to Island b for the second night, and finally moves to Island ¢ for
the third night. Due to the limited number of boats, we must have b € T, and ¢ € T},

where the sets T} are chosen so that
(a) each T, is non-empty, and i ¢ T,
(b) Z?il |T;| = 128, where |T;| is the number of elements of T
Exhibit a choice of sets T giving at least 63 - 64 + 6 = 4038 possible holidays.

Problem 5 (I'MO 2018 Q4). We say that a rectangle with side lengths a and b fits
inside a rectangle with side lengths ¢ and d if either (a < c and b < d) or (a < d and b <
¢). For instance, a rectangle with side lengths 1 and 5 fits inside a rectangle with side
lengths 6 and 2 . Suppose S is a set of 2019 rectangles, all with integer side lengths
between 1 and 2018 inclusive. Show that there are three rectangles A, B, and C in S
such that A fits inside B, and B fits inside C.

Problem 6 (IrMO 2018 Q10). The game of Greed starts with an initial configuration
of one or more piles of stones. Player 1 and Player 2 take turns to remove stones,

beginning with Player 1. At each turn, a player has two choices:
« take one stone from any one of the piles (a simple move);
« take one stone from each of the remaining piles (a greedy move);

The player who takes the last stone wins. Consider the following two initial configura-

tions:
(a) There are 2018 piles, with either 20 or 18 stones in each pile.

(b) There are four piles, with 17, 18, 19 and 20 stones, respectively.
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In each case, find an appropriate strategy that guarentees victory to one of the players.

Problem 7 (I'MO 2017 Q4). An equilateral triangle of integer side length n > 1 is
subdivided into small triangles of unit side length, as illustrated in the figure below for
the case n = 5. In this diagram, a subtriangle is a triangle of any size which is formed

by connecting vertices of the small triangles along the grid-lines.

VAVAVAVAN
VAVAVAVAVAN

It is desired to colour each vertex of the small triangles either red or blue in such a way

that there is no subtriangle with all three of its vertices having the same colour. Let

f(n) denote the number of distinct colourings satisfying this condition.
Determine, with proof, f(n) for every n > 1.

Problem 8 (IrMO 2017 Q7). Five teams play in a soccer competition where each team
plays one match against each of the other four teams. A winning team gains 5 points
and a losing team 0 points. For a 0 — 0 draw both teams gain 1 point, and for other
draws (1 — 1,2 — 2, etc. ) both teams gain 2 points. At the end of the competition, we
write down the total points for each team, and we find that they form five consecutive

integers. What is the minimum number of goals scored?

Problem 9 (IrMO 2014 Q1). Given an 8 x 8 chess board, in how many ways can we
select 56 squares on the board while satisfying both of the following requirements:

(a) All black squares are selected.
(b) Exactly seven squares are selected in each column and in each row.

Problem 10 (IrMO 2014 Q10). Over a period of k consecutive days, a total of 2014
babies were born in a certain city, with at least one baby being born each day. Show
that:

(a) If 1014 < k < 2014, there must be a period of consecutive days during which
exactly 100 babies were born.

(b) By contrast, if k = 1014, such a period might not exist.

Problem 11 (IrMO 2013 Q4). Each of the 36 squares of a 6 x 6 table is to be coloured
either Red, Yellow or Blue.

e No row or column is contain more than two squares of the same colour.

e In any four squares obtained by intersecting two rows with two columns, no colour

is to occur exactly three times.

In how many different ways can the table be coloured if both of these rules are to be
respected?
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Problem 12 (IrMO 2013 Q7). Consider the collection of different squares which may

be formed by sets of four points chosen from the 12 labelled points in the diagram below.

For each possible area such a square may have, determine the number of squares which
have this area.

Make sure to explain why your list is complete.

Problem 13 (IrMO 2012 Q1). Let
C =1{1,2,3,4,5,6,7,8,9,10,11,12,13, 14,16, 17, 18,19, 20}

d let
and e S ={4,5,9,14,23,37}

Find two sets A and B with the properties
e« ANB=10
« AUB=C
e The sum of two distinct elements of A is not in S.
e The sum of two distinct elements of B is not in S.

Problem 14 (IrMO 2012 Q10). Let n be a positive integer. A mouse sits at each corner

point of an n X n square board, which is divided into unit squares.
The mice then move according to a sequence of steps, in the following manner:

(a) In each step, each of the four mice travels a distance of one unit in a horizontal or
vertical direction. Each unit distance is called an edge of the board, and we say

that each mouse uses an edge of the board.
(b) An edge of the board may not be used twice in the same direction.
(¢) At most two mice may occupy the same point on the board at any time.

The mice wish to collectively organise their movements so that each edge of the board
will be used twice (not necessarily by the same mouse), and each mouse will finish up
at its starting point. Determine, with proof, the values of n for which the mice may

achieve this goal.

Problem 15 (IrMO 2011 Q5). In the mathematical talent show called “The X?-factor”
contestants are scored by a panel of 8 judges. Each judge awards a score of 0 (‘fail’),
X (‘pass’), or X? (‘pass with distinction’). Three of the contestants were Ann, Barbara
and David. Ann was awarded the same score as Barbara by exactly 4 of the judges.
David declares that he obtained different scores to Ann from at least 4 of the judges,
and also that he obtained different scores to Barbara from at least 4 judges.
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In how many ways could scores have been allocated to David, assuming he is telling the
truth?

Problem 16 (I'rMO 2011 Q6). In a tournament with N players, N < 10, each player
plays once against each other player scoring 1 point for a win and 0 points for a loss.
Draws do not occur. In a particular tournament only one player ended with an odd
number of points and was ranked fourth. Determine whether or not this is possible. If

so, how many wins did the player have?

Problem 17 (IrMO 2010 Q4). The country of Harpland has three types of coin: green,
white and orange. The unit of currency in Harpland is the shilling. Any coin is worth a
positive integer number of shillings, but coins of the same colour may be worth different
amounts. A set of coins is stacked in the form of an equilateral triangle of side n coins.

The stacking has the following properties:
(a) no coin touches another coin of the same colour;

(b) the total worth, in shillings, of the coins lying on any line parallel to one of the
sides of the triangle is divisible by three.

Prove that the total worth in shillings of the green coins in the triangle is divisible by
three.

Problem 18 (IrMO 2010 Q6). There are 14 boys in a class. Each boy is asked how
many other boys in the class have his first name, and how many have his last name. It

turns out that each number from 0 to 6 occurs among the answers.

Prove that there are two boys in the class with the same first name and the same last

name.

Problem 19 (IrMO 2009 Q1). Hamilton Avenue has eight houses. On one side of the
street are the houses numbered 1, 3, 5,7 and directly opposite are houses 2,4, 6, 8 respec-
tively. An eccentric postman starts deliveries at house 1 and delivers letters to each of
the houses, finally returning to house 1 for a cup of tea. Throughout the entire journey
he must observe the following rules. The numbers of the houses delivered to must follow
an odd-even-odd-even pattern throughout, each house except house 1 is visited exactly
once (house 1 is visited twice) and the postman at no time is allowed to cross the road
to the house directly opposite. How many different delivery sequences are possible?

Problem 20 (IrMO 2009 Q4). Given an n-tuple of numbers (z,, zy, ..., z,,) where each
x; = +1 or —1, form a new n-tuple

(T1Tq, ToTg, T3Ty, ... , T, Tq)

and continue to repeat this operation. Show that if n = 2% for some integer k > 1 then
after a certain number of repetitions of the operation, we obtain the n-tuple

(1,1,1,...,1)
Problem 21 (IrMO 2009 Q9). At a strange party, each person knew exactly 22 others.

For any pair of people X and Y who knew one another, there was no other person at
the party that they both knew.

For any pair of people X and Y who did not know one another, there were exactly 6
other people that they both knew. How many people were at the party?
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Problem 22 (IrMO 2008 Q4). How many sequences a,, G, ... , Gyggg are there such that

each of the numbers 1,2, ...,2008 occurs once in the sequence, and i € {aq,as,...,q;}
for each 7 such that 2 <14 < 20087

Problem 23 (IrMO 2008 Q9). Given k € {0,1,2,3} and a positive integer n, let fi,(n)

be the number of sequences x4, ...

, &, where z, € {—1,0,1} for i = 1,...,n, and

xy+-+x,=k mod4

(a) Prove that f;(n) = f3(n) for all positive integers n

(b) Prove that

fo(n)

for all positive integers n

Problem 24 (IrMO 2007 Q4). Air Michael and Air Patrick operate direct flights con-

324 (-1

4

necting Belfast, Cork, Dublin, Galway, Limerick and Waterford. For each pair of cities

exactly one of the airlines operates the route (in both directions) connecting the cities.
Prove that there are four cities for which one of the airlines operates a round trip.

(Note that a round trip of four cities P,Q, R and S, is a journey that follows the path

P—-Q—-R—S—P)

Problem 25 (IrMO 2006 Q6). The rooms of a building are arranged in a m X n rectan-

gular grid (as shown below for the 5 x 6 case). Every room is connected by an open door

to each adjacent room, but the only access to or from the building is by a door in the

top right room. This door is locked with an elaborate system of mn keys, one of which

is located in every room of the building. A person is in the bottom left room and can

move from there to any adjacent room. However, as soon as the person leaves a room,

all the doors of that room are instantly and automatically locked. Find, with proof, all

m and n for which it is possible for the person to collect all the keys and escape the

building.

Problem 26 (IrMO 2006 Q10). Two positive integers n and k are given, with n > 2.

*

°
*

starting position

room with locked external door

In the plane there are n circles such that any two of them intersect at two points and

all these intersection points are distinct. Each intersection point is coloured with one of

n given colours in such a way that all n colours are used. Moreover, on each circle there

are precisely k different colours present. Find all possible values for n and k for which

such a colouring is possible.

Problem 27 (IrMO 2005 Q9). Determine the number of different arrangements a,, a,, ...

of the integers 1,2, ..., 10 such that

and

a; > ag; for 1 <7 <5

a; > Qg q for 1 <7 <4

ADAM KELLY, OCTOBER 28, 2020
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Problem 28 (IrMO 2004 Q2). Each of the players in a tennis tournament played one
match against each of the others. If every player won at least one match, show that
there is a group A, B, C of three players for which A beat B, B beat C and C' beat A.

Problem 29 (IrMO 2003 Q4). Eight players, Ann, Bob, Con, Dot, Eve, Fay, Guy and
Hal compete in a chess tournament. No pair plays together more than once and there

is no group of five people in which each one plays against all of the other four.

(a) Write down an arrangement for a tournament of 24 games satisfying these condi-

tions.

(b) Show that it is impossible to have a tournament of more than 24 games satisfying
these conditions.

Problem 30 (IrMO 2003 Q10). (a) In how many ways can 1003 distinct integers be
chosen from the set {1,2,...,2003} so that no two of the chosen integers differ by
107

(b) Show that there are (3(5151) + 7(1700))1017 ways to choose 1002 distinct integers
from the set {1,2,...,2003} so that no two of the chosen integers differ by 10.

Problem 31 (I'MO 2002 Q2). (a) A group of people attends a party. Each person
has at most three acquaintances in the group, and if two people do not know each
other, then they have a mutual acquaintance in the group. What is the maximum

number of people present?

(b) If, in addition, the group contains three mutual acquaintances (i.e., three people
each of whom knows the other two), what is the maximum number of people?

Problem 32 (IrMO 2002 Q6). A3 x n grid is filled as follows : the first row consists of
the numbers from 1 to n arranged from left to right in ascending order. The second row
is a cyclic shift of the top row. Thus the order goes 7,1+ 1,...,n—1,n,1,2,... ;i — 1 for
some i. The third row has the numbers 1 to n in some order, subject to the rule that in

each of the n columns, the sum of the three numbers is the same.

For which values of n is it possible to fill the grid according to the above rules? For an
n for which this is possible, determine the number of different ways of filling the grid.

Problem 33 (IrMO 2001 Q7). Three hoops are arranged concentrically as in the dia-
gram. Each hoop is threaded with 20 beads, of which 10 are black and 10 are white. On
each hoop the positions of the beads are labelled 1 through 20 starting at the bottom

and travelling counterclockwise.

We say there is a match at position 7 if all three beads at position ¢ have the same colour.
We are free to slide all of the beads around any hoop (but not to unthread and rethread
them).

9 ADAM KELLY, OCTOBER 28, 2020
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20 2

Show that it is possible (by sliding) to find a configuration involving at least 5 matches.

Problem 34 (IrMO 2000 Q4). Let a; < ay < ag < -+ < a; be real numbers. {a;,aq, ..., a5}
is called a weak arithmetic progression of length M if there exist real numbers x4, 21, 5, ..., Ty,
and d such that

To<a <2y S ag <y < ag<a3 < <ay <y

and for i = 0,1,2,... .M — 1,2, —x; = d ie. {xy,2,%y,...,7} is an arithmetic

progression.

(a) Prove that if a; < ay < ag, then {a;,ay,a3} is a weak arithmetic progression of
length 3.

(b) Let A be a subset of {0,1,2,3,...,999} with at least 730 members. Prove that A

contains a weak arithmetic progression of length 10.

Problem 35 (IrMO 1999 Q4). A square floor consists of 10000 squares (100 squares X
100 squares — like a large chessboard) is to be tiled. The only available tiles are rectan-
gular 1 x 3 tiles, fitting exactly over three squares of the floor.

(a) If a 2 x 2 square is removed from the centre of the floor, prove that the remaining

part of the floor can be tiles with the available tiles.

(b) If, instead, a 2 x 2 square is removed from a corner of the floor, prove that the

remaining part of the floor cannot be tiled with the available tiles.

[There are sufficiently many tiles available. To tile the floor - or a portion thereof -
means to completely cover it with the tiles, each tile covering three squares, and no pair
of tiles overlapping. The tiles may not be broken or cut.]

Problem 36 (IrMO 1998 Q8). Let N be the set of all natural numbers (i.e., the positive

integers).

(a) Prove that N can be written as a union of three mutually disjoint sets such that, if

m,n € N and |m —n| =2 or 5, then m and n are in different sets.

(b) Prove that N can be written as a union of four mutually disjoint sets such that, if
m,n € Nand [m—n| = 2,3 or 5, then m and n are in different sets. Show, however,

that it is impossible to write N as a union of three mutually disjoint sets with this

property.

Problem 37 (IrMO 1997 Q8). Let A be a subset of {0,1,2,3,...,1997} containing more
than 1000 elements. Prove that either A contains a power of 2 (that is, a number of

10 ADAM KELLY, OCTOBER 28, 2020
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the form 2, with k& a nonnegative integer) or there exist two distinct elements a,b € A

such that a + b is a power of 2

Problem 38 (IrMO 1997 Q9). Let S be the set of all natural numbers n satisfying the

following conditions:

(a) n has 1000 digits;

(b) all the digits of n are odd, and

(c) the absolute value of the difference between adjacent digits of n is 2.
Determine the number of distinct elements in S.

Problem 39 (IrMO 1995 Q1). There are n? students in a class. Each week all the
students participate in a table quiz. Their teacher arranges them into n teams of n
players each. For as many weeks as possible, this arrangement is done in such a way
that any pair of students who were members of the same team one week are not on the
same team in subsequent weeks. Prove that after at most n 4 2 weeks, it is necessary for
some pair of students to have been members of the same team on at least two different
weeks.

Problem 40 (IrMO 1995 Q4). Consider the following one-person game played on the
x -axis. For each integer k let X, be the point with coordinates (k,0). During the game
discs are piled at some of the points X,. To perform a move in the game, the player
chooses a point X; at which at least two discs are piled and then takes two discs from
the pile at X; and places one of them at X; ; and one at X; ; To begin the game,
2n + 1 discs are placed at X,,. The player then proceeds to perform moves in the game
for as long as possible. Prove that after n(n + 1)(2n + 1)/6 moves no further moves are
possible, and that, at this stage, one disc remains at each of the positions

X X—n+13"~7X_1;X07X1,... X X

—n? y “An—17*n

Problem 41 (IrMO 1994 Q4). Cousider the set of m x n matrices with every entry
either 0 or 1. Determine the number of such matrices with the property that the number

of “1”s in each row and in each column is even.

Problem 42 (IrMO 1994 Q10). If a square is partitioned into n convex polygons, de-
termine the maximum number of edges present in the resulting figure.

Problem 43 (IrMO 1993 Q6). Given five points Py, P, Ps, P;, P5 in the plane having
integer coordinates, prove that there is at least one pair (Pi, Pj) , with 4 # j, such that
the line P, P; contains a point () having integer coordinates and lying strictly between
P; and P;.

Problem 44 (IrMO 1993 Q8). Prove the identity

(60 =()

for all integers n and r, with 1 < r < mn.

Problem 45 (IrMO 1993 Q10). (a) The rectangle PQRS has |PQ| = ¢ and |QR| =
m, where ¢, m are positive integers. It is divided up into ¢m1 x 1 squares by drawing
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lines parallel to PQ and QR. Prove that the diagonal PR intersects £ + m — d of

these squares, where d is the greatest common divisor, (¢,m), of £ and m

(b) A cuboid (or box) with edges of lengths ¢, m,n, where £, m,n are positive integers,
is divided into fmnl x1x 1 cubes by planes parallel to its faces. Consider a diagonal
joining a vertex of the cuboid to the vertex furthest away from it. How many of

the cubes does this diagonal intersect?

Problem 46 (IrMO 1992 Q3). Let A be a nonempty set with n elements. Find the
number of ways of choosing a pair of subsets (B,C) of A such that B is a nonempty
subset of C.

Problem 47 (IrMO 1993 Q3). Three operations f,g and h are defined on subsets of

the natural numbers N as follows:
e f(n) =10n, if n is a positive integer;
e g(n) =10n + 4, if n is a positive integer;
e h(n) = %, if n is an even positive integer.

Prove that, starting from 4, every natural number can be constructed by perform-

ing a finite number of operations f,¢g and h in some order. [For example: 35 =
h(f(h(g(h(h(4))))))) -]

Problem 48 (IrMO 1991 Q4). Eight politicians stranded on a desert island on January
Ist, 1991, decided to establish a parliment. They decided on the following rules of

attendance:
(a) There should always be at least one person present on each day.
(b) On no two days should be same subset attend.

(¢) The members present on day N should include for each K < N, (K > 1) at least

one member who was present on day K
For how many days can the parliment sit before one of the rules is broken?

Problem 49 (IrMO 1990 Q1). Given a natural number n, calculate the number of rect-
angles in the plane, the coordinates of whose vertices are integers in the range 0 to n,

and whose sides are parallel to the axes.

Problem 50 (IrMO 1990 Q9). Let n = 2k —1, where k > 6 is an integer. Let T be the

set of all n-tuples
X = (L1, Tgy -, Ty) ,

where, for ¢ =1,2,...,n,2,; is 0 or 1.

For x = (x1,...,x,) and y = (yq,...,¥,) in T, let d(x,y) denote the number of integers
J with 1 < j <n such that z; # y;. (In particular, d(x,x) =0 ).

Suppose that there exists a subset S of T" with 2¥ elements which has the following
property: given any element x in 7', there is a unique y in S with d(x,y) <3

Prove that n = 23

Problem 51 (IrMO 1989 Q7). Each of the n members of a club is given a different item
of information. They are allowed to share the information, but, for security reasons, only

in the following way: A pair may communicate by telephone. During a telephone call
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only one member may speak. The member who speaks may tell the other member all
the information s(he) knows. Determine the minimal number of phone calls that are
required to convey all the information to each other.

Problem 52 (IrMO 1988 Q5). A person has seven friends and invites a different subset
of three friends to dinner every night for one week (seven days). In how many ways can
this be done so that all friends are invited at least once?

Problem 53 (I'rMO 1988 Q6). Suppose you are given n blocks, each of which weighs
an integral number of pounds, but less than n pounds. Suppose also that the total
weight of the n blocks is less than 2n pounds. Prove that the blocks can be divided into
two groups, one of which weighs exactly n pounds.

Problem 54 (IrMO 1988 Q15). A city has a system of bus routes laid out in such a
way that

(a) there are exactly 11 bus stops on each route;
(b) it is possible to travel between any two bus stops without changing routes;

(¢) any two bus routes have exactly one bus stop in common. What is the number of
bus routes in the city?
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